




I .  i nt r o d u c t i o n

In many image processing tasks it is important to segment

an object into subparts for subsequent processing . For some

~rob1ems this is easil y accomp lished by a sinqie , simple level

of processing , such as breaking the boundary of the object at

corners whose angles are sharper than a given threshold. In

other cases , it is necessary to employ some knowledge? of the

objects ’ structure to obtain a correct segmentation . For ex—

ample , attributed grammars are used for boundary analysis in [1] .

A general survey of shape analysis can be found in [21

This  paper describes an application of relaxation labeling

[3 ,4] to the segmentation of closed object boundary curves.

An object boundary is first segmented ambiguously, using very

liberal segmentation criteria. This ambiguous segmentation is

represented by a directed graph structure which contains (hope-

fully) the desired segmentation as a subgraph . The nodes of the

graph represent pieces of the object boundary . Each node has

associated with it a probability vector , assigned by a classi-

fication program , representing the segment’s probability of

being various parts of the object. Node A is connected to node

B by a ~irected arc iff the boundary segment represented by B

directly follows the segment represented by A. Since only

certain sequences of parts are allowable , we can apply a relax-

ation process to prune the graph structure. Our experiments

show that the relaxation process usuall y results in a drastic
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simplification of the graph , which greatly simplifies the

problem of extracting desired subgraphs by a sequential process.

It is planned to extend the above methodology in the fol-

lowing ways:

1) Use of an ambiguous segmentation which includes gap

filling and shape completion to handle occluded objects.

2) Introduction of relations other than the “follows ”

relation .

3) Representation by a hierarchical graph structure .
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Ar~h i  -~ -~~-u ~; se o m o nt  a t  ion an i c1~t x a t  ~~ n

cs t~ we h,iv~~ an (x , v~ c c c id  i n a t o  }~~ 11 I c : I e S e f lt  ~i t  i on  0!

a c I os od c u t  ye  , uS 1 11 us t r a t  i he low :

\ d)

Ce r t a i n  d i s  t nou  shed p o in t s  are cal led “ seq m e nt a t  i on  p o i n t  S

a a re  A S S  i - i  nod I abe I s , i n  t h i s  case the nutubo r s 1— 11. ) .

c~ co t i t  ou i ch beg 1 ns and ends w I th  a segment  at  ion p o i n t

w i l l  be cal  lcd 1 sc~~me n t . O b v i o u s l y  any  s eqm e nt  is uniquely

i d o n t i  ied  by an o r d e  i e d  p a i r  cons is t i  ng of t he 1-she ls  of the

ho 1 nn 1 ~~q and  end 1 ~~~ ~micn t a t  ion  t~ c i nt  s , and se~~m on t s  w i  11 be

~ hu s  i den t  i t  ied  in  t h e  r em a i n d e r  ot  th  i s ropo r t

A se~:rnen t  at  i o n  o t t he cont  our  is any  set of n o n — ov e r  l app i  flO

sos men t s t h a t  coy o r i h i  en t i re c o n to u r  . Our oh j oc t  i ye is , i V en

an oh oct cont  ou r , t o c o n s t r u c t  a so~~r~en t a t  ion  such t h a t  t he

se~n’.~e ut  cover  t he  toi .u- w i t h o u t  over  l ap p  1 n~~ , and t he segments

can no ass t O i l e d  s e m a i it  i c i l l y  m e a n in g f u l  l abe ls  (n ose , t a i l , e t c .

i n  t h e  case ot an a i r p l a n e)

In  some cases , a si  m~ lo means  of segment  a t  ion w 1 1 1 s t i t  f ce

~ o cou ld  , or examp 10 , do f in c  the seqmenta  t ion poi n t  s t o  he

1.i i -g e  concave  angles , and t ake as segments any piece  0! c u r ve

l y i ng  be tween  two  su c ce s s i ve  segmenta t ion  p o i n t s .  In many
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( ‘ .t l — w o l  Id  e~~am~~le s  , h o w e v e i  , a simp i i s t  i c  s t ra t o q w i l l  f~t i  1 .

Our  m et h o d  bei no s by t o r m  1 no segm en t  S US I no a l i b e r a l

c r i t e ri o n . t i o p e t u l l y ,  t h e  sosn ient s  t h u s  o b ta i ne d  w i l l  c o n ta i n

t h e  des i t  ed Soqme~ at  io n ¼ 0 1  m o s t  c t  i t  as a su b se t  . We t h en

o rm a di t e c t  ed ~~t . tph i n  w h i c h  t h e  nodes ar e  the  s egm e n t s , and

segmen t  [1 , i I i s  c on n e c t e d  t o  se~~flieIi t [k , t I b a “ o l l o w s ’

re l at  ion  i t  1 - k  ( t  . e . ,  L i ,  1 1  t o l  lows [k , t I  i n  the  gr a p h  i t

t k  , ‘ t ol lows  [ i  , i i  on t h e  b o u n d ar y )  . We t h e n  c l a s s i f y t h e  s e q —

:ien ! s , a s si gn  i ns  t o  each segm en t  a p r o b~ib i i i  t v vec t ct , eac h

om~~on en t  0! w h i c h  t op t  e s en t  s t h e  p i oh . i b  i l i t  y the  se~~me n t is  a

ce r t a i n  oh l o o t  p a r t  . spec  i t  I c al  lv  , in our  a i r p l  a no ex a m p l e ,

the p rob ah i i i  t y  vect  or is a t c u r — t u p l e  i r  ~ncso)  , l~ (r i ~ h t  w i  n o )

l ’ ( t . i i l~~ , P ( l e ! t  ~~~~~~~~~~

~ I Von ~~~~ li a ~ t r u c t  t u e  , w i t  h pro l-’ah I i i  ty  v e c tor s

as soc t a t  Oil w i  t h t lie :io~1es , we can a p p l y  a re 1 a xa t i on  p l oce s  5

t o  t o  i n !  o tc e  c on s i s t  o t t  t seqment  s and e l i m i na t e  i ncon s  1st  en t  ones

l’hi m e t h o d  was .i I s o  used  i n  L 4 1  f o r  a m h i o u o u s lv  s egm e n te d  h a n d —

w it in~i . t~ r t o t  lv  , t h e  t e l  axa t i o n  p rocess  o per a t e s  i n  t he

t o i l  ow in s  way. l ach node N has  a set of predecessor  nodes and

a set ot  su c cesso r  nod e s  . Co ns  i d o t  a l l  t r i p i e s  of labels

i ~
‘ w h e r e  i i s a 1 abe I as soc i a t  oil w i t h a p r e d e c e  S ser node ,

is a labe l ot  N , and ~ a label of a successor  node . On l y

cer t a i n  t r i p los t orm p ormi  ss ib le s equ en c e s  o t l ab e l s  . We can

t h e n  mod it v the  p r o h a b  i i i  ty  o t each l a b el  , depend i ng on t he

— ~~~~~~~~~~ ~ - — -
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probabilities of the permissible sequences in which it occurs.

Thus a label which does not participate in any allowable

sequence will have its probability set to zero , while a label

which occurs in  one or more allowable sequences with high prob—

ability will have its probability increased .

After the relaxation process , we searcn the remaining graph

for four-cycles. Each of the four nodes in such a cycle may

have one or more possible labels remaining. We can define an

interpretation of the cycle to be any assignment of a unique

label to each node , where  the label ass igned to each node is

among the r ema in ing  labels for that node . A legal interpreta-

tion is any interpretation in which the labels in the cycle

follow each other in an allowable order , in our case :

Each legal interpretation is then assigned a figure of merit

as follows . With each node in the four—cycle we have associated

a unique label. We now look back at the original probability

vector for this node to find the original probability of this

label. The probabilities thus found at each node are multiplied ,



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~1
and  he r e s u l t  i s  t h e  t q u r e  01 m en  t . We can  then  se lec t  ~is

our  m l  r e s u l t  t he  m e t  p i e t  at  i o n  w i t h  t h e  h igh e s t  f i g u re  of

me r t .

~ t c o u r s e  , t he use or  t o u r — cy c l e s  is spec i  f ic  to our p r o h —

L ’m . ~1oro qen er a  I L y ,  one w o u l d  conduct  a s t a t e  space search

on the resu I t  i no gr . t nh  t o  f i n d  le~~al i n t e r p r e t a t i o n s  w h i c h

1 t o  not  necessa  r t i v  o t  f i x e d  1 e ’no t h
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3. Assignment of the initial p r o b a b i lit ie s

Suppose we have a segment [i ,j] to which we wish to assign

a probability vector (N,R ,L,T). Our program first finds a

point , k , between the segmentation points i and j as follows :

Consider a polygonal approximation of the curve segment [i ,j )

where the vertices of the polygon are placed at the x ,y coor-

dinates associated with the local maxima ari d minima of the

curvature . We then define point m to be midway between i and

j. We can now examine the line segments radiating from rn to

the vertices of the polygon . We discard any such line segment

which does not lie entirely within the shape . (Specifically ,

if we are considering line segment m~ , all vertices which pre—

cede ~ must lie to the left of line segment rn.e., and all vertices

which succeed £. must lie to the right of me.) We then select

as k that point which miximizes the length of the line segment.

The location of k for several wing , nose , and tail shapes is

illustrated below :

~ 
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No w , -,u ; tno k , the  tol l o w i :~o opt r a t  ions  ~u t e  p e r  t o r m o d :

1) The a n ;  lo  be t w e e n  1 i no s e- ; ment  s 1k and k j  w~t s :neas un  a

I f  this angle was t o o  s h a l l o w  t h e  s e q me n t  L i  ,j) was d i s c a r d ed .

2 )  A c r u d e  t i e s sa t  0 0! Sim m e r t y  wa s  compUted  is:

svm = (n e  r ime t or b et  weeti k . l f l L h  i)  — ~net in t o  t or be t ween i an d  k )

3)  The p r e t d i  i i  t y  v e c to r  w~is computed b f i r s t  u s i n s

t h e  v a l u e  of sym t o  d i s t r i b u t e  the  p r o b a b i l i ty  be tween  t h r e e

p r o b i b i t e s , n o s o — t  oi l  L w  a b s o l u t e  v a l u e  ct  sym)  , l e f t  w i n s

( h i g h p o s i t i v e  val~~ O t  sy m )  , a i d  r i g h t  w i n g  (hi~~h n e q a t i  ye v a l ue

of sym ) . T h e n , i t  was  a l ocal  miximum , t h e  p r o b a b i l i t y  o~

n o s e — t a i l  was a s s i g ned  to nose;  if k was  a local  m i n i m u m , the

n rcbabx litv o~ nose~~t oil w a s  issioned to tail.

r L b t b i  l i t  1 es w r e  di st t i bu t  ed a c co id in o  to t he scheme

b e l o w :

right 1 i i e t  t

= Pr ob  (a p e r f e c t ly

~ se—tai 1 if I s y m m e t r i ca l  o b i e c t  is
— —  — 4 -  a nose or t a i l )

0 I I
I I = m a x i m u m  v a l u e  of

symmet ry  it w h i c h  a.
I I ob jec t  can have  a

I n o n — z e r o  p r o b a b i l i t y
I of b e i n g  a nose or t a i l .

I I

I I

s0 
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4 . 1x ~~e t i m e n t  ~i l  i t s n  t S

F~~qu r e  we see an a i t  .11 0 sor t  ou r  w i t h  a p lot  ot ii S

curvature . i’he toat t i e ’ s on t h e  t su r e  and  on the curva t u r e

-lot i nd 1 0 ,1  t e  S em..’ ci r r e st  ~end i n~ ~o i n s . The c u t  V i t  u t . .  - fl~t ’O S O l e

ased wa s  the  me n - u  ot we ~h t  e d  k — c u r v a t u t  e d i  scussed  in t 5 1
H

Table 1.1 shows  t h e  t e s u l t  s of  t h e  s o o r i o n t i t l o n  and  classi~ i —

c a t  ion or t h i s  t i o u r  e . T ab l e  1. 2  d i s p l a y s  the  ef ~ oct  ot r o —

l a x a  ion . Of pa :  i cu I a n  s to n i i c a noe  s t h e  sh a rp  r e du c t  ion ln

t he : i n m h en  o: 4 — c y c l e s  an d  th e  nu m b e :  ot interrretat ions. I t

is these a u’nl e r s wh i cI p t o v i~ ~e a t r eat ;  a t  e o t  t ho si  :e o t he

space wh i c h rn  st  he se i c h  e t o  f in t he 1 . . ;  a 1 i at  e : r e t  a t  i ons

-:‘ a h le  1 . 3 shows the su:  v i v i n s  n o de s  a n - i  l a b e l s  a : t. . r  b r ee

i t  e r . t t  i o n s  ot t o  l a x i t  i o u , and  i r a  I ly  , T a b l e  I . 4  show s t t i e  I c i a  I

i n te r n  r o t a t  ions  an d  t h e i r  men i t . Th cSO same i a t  e rr  r ..’t  a t  i o:is

c ou l d  h a y . .’ been oun d  i a t he o r t p h  he :  o r e  t i e  I ci axat i on  p i  00055

he~ u’ . . :  , be 1 o t  e re 1 axa  t i o n  we w o o l  il h a v e  o I i nd he ~ I es a 1

i n t e r p r e t  a t  i otis  auno t io  t h e  . 2 . ’ pc~~si  h i  e i r i t e  r p  r e t  a t  i o t i s  , who re . i s

after o n i \  3 i t e r a t io n s  o t  r e l a x a ti on  we h a v e  reduced t h e  S e . i i C h

space t o  13 p o s s i b l e  i n t e r p r e t a t i o n s .

The m en i t va hue is ob t a i n ed  by mu i t  i p i t  no t c rue t  h e r  t he

original p r o b a b i li t y  e s t i m at e s  ot  t h e  l a b el s , and s c. i hn o  the

r e s u l t i n g  numbers  u p war d  t o  t . ici i i  tate c o m p a r i s o n .  lii T ab l e

1.4 , we find tha t cycle 2 has the h io h os t  m e r i t , a nd i f  we check

the interpretation with the  contour , we see that this is the

-- 
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correct segment at ion. (For e ’X , 1 t~~ Ic , in  c y c l e  2 , t h..’ r i g h t

w i n g  is node 7 , which we see t r i m  Table 1 or 3 has the ran se

4 — 1 2 .  In the ai rplane ti gurt ’, the ni oht wing does i nde e d  go

rom point 4 to point 12 . ) : hc  f a c t  t h at  c y c l e  3 has s u c h  a

r e l a t i v e l y  high merit is du e ’ in i a r t  to  the shortcoming of on:

c l a s s i f i ca t i o n  p r o o r a r t , w h i c h  a l l o w e d  some p u o b a b i l i t v  t h a t

segment  9 ri i - ;ht  he a nose , and in p or t  to  the fact that by

using o n ly  t h e  “ : o l l ’w s  r e l a t io n , ou r  process  is t o t a l l y  i n —

sensit :ve t e  t h e ’ g u - - s b  l a c k  of symrne t ry  ot  c y c l e  3.

~~~ othe r e x a r u i les a : ~ g i v e n  in Fisures  2 — 3  and T a b l e s

2 .1— 4 and 3. 1—4.
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5. F u t u r e  r eE e ar c h

One obvious criticism of the method as currently implemented

is the use of problem-specific features and the ad hoc manner

in which they are found. This is a common problem in classical

p a t t e r n  r e c o g n i t i o n .  Part of the problem in our case is that

in t h i s  p r e l i m i n a r y  s t u d y  the a i r p l a n e  shape was b roken  i n t o

on ly  four sub—parts , some of which can h.,ve a significant amount

of structural detail. We could break the airplane shape into
.

more sub—parts so that each resulting part would have a simpler

structure , and coul d be cl ass i f ied ini ti al ly  by some mor e gen eral

technique . There is also another , more fundamental problem here.

I t would be desirable , of course , to have a universal feature

set , in terms of which an a rb i trary shape could be descr ibed and

recognized . At the present time , howev er , the nature  of such

a universal feature set is a significant research area in need

o f much further investigation . Until more concrete ideas abou t

such a f e a ture set are for thcoming, we will continue to face the

problem of fea tures which are spec if i c  to the problem domai n and

somewhat ad hoc in nature .

Another clear limi tation of the tech n ique is tha t prese nt ly

the only relationship used is the ufollows u relation . The pro-

gram would , for example , accept the shape below as an airplane:

~c~i 

- 

_
~~~~~~~~~—~~~~~~~-—-‘ ~~~~~~~

-
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We c o u l d  rej e ct this shape by usin g other relations , such as

requirin g that the two wings be similar in shape , and that

the axes of symmetry ot the nose and tail sections be colli-

near. Of course , in d oing this , we will be represen t ing the

airplane by a more general graph structure than the simple

closed cycle , and ti n dinq the plane will become a more general

problem of subgraph finding . There would seem to be a good

application here tor Kit chen ’s work [6 ] on the use of relaxa-

t i o n  in subgraph matchin g .

Ano ther situation not handled by the current program is

the problem of missing or occluded pieces of shape . We can

give the program some limited capacity in this area . Consider

the shape below :

A l though the program will not find the left wing , it will be

abl e to fin d a nose , foll owed by a riqht wing , t ollowed by a

tail. Thus the ri ght wing will certainly survive the first

i ter a t ion of relaxation , and , if we allow the nose and tail nodes

t o  s u r v i v e , even thou gh suppe r ted on only one s ide , then the

nose - r igh t  w i n g - t a i l  subqr aph  could survive . However , some

pre l im ina ry  exper iments  w i t h  this technique indicate that when

~~~~~~~~~~~~~~~~~~~~ — ~~~ I - ~~~~~~~~~~~~ _________- ~~~~~~~~~~~ — — — - - — - ~~~~~~~~ ________________________
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only the “ fol lows ” relation is used , a l lowing nodes supported

on only one side to survive greatly diminishes the power of

the program to filter out illegal interpretations.

We can create a more general method for handling the

above situation . Consider the figure below :

O~~~~O-~O
• 3

~~~
z

~~~~:

The numbered points are possible segmentation points , and cor-

respond to the numbered nodes in the graph . The solid arcs in

the graph connect those points which are connected to each other

by visible portions of object contour. The dashed arcs connect

points connected by proposed gap completions [7]- . If we consider

a graph with only the solid arcs , we can uniquely specify any

segment of an ambiguous segmentation by g iving the starting and

ending node . In the more general case , where gap completions

are allowed , the segments of an ambiguous segmentation would

be specified as sequences of nodes representing possible paths

~~~~~ _~~~~~ ;~~~ -‘~~ 
-
~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ .
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through the graph (i.e., (1 ,2,6,7) or (5,6,2 ,3 ,4)).

Suppose that we use other relations in addition to the

“follows ” r e l a t i o n . S p e c i f i c a l l y, suppo se tha t we require

the two wings  to be s i m i l a r , and the axes of symmetry o f the

nose and tail to be co llinear , as suggested earlier. Then the

sha pe bel ow mi ght  st i l l  be accepted as an a i r p l ane :

The asymmetry introduced into the tail by the different angles

ot the wings is very slight , and we would not want to reject

the shape based on this alone . What we can do is measure the

angle between each wing and the nose (and tail ) , and demand that

these ang les be simila r (see the figure on the next page ) . These

an gles can be regarded as second level features in a hierarchical

graph , since these nodes are created by combi ning informa t ion

f rom several (in this case two ) nodes at the fi r st level of the

graph .

The use of a hierarchical structure offers a number of

advan tages:

1) Cer tain aspects of the problem (and many other computer

vision problems ) lend themselves naturally to a hierarchical

description. It is common to describe a scene in terms of parts,

_ _ 
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which may themselves have subparts , etc . A hierarchical

structure also provides a convenient way of thinking about

the use of hi gher level features that stem from the relation-

ships of image parts to each other , such as relative angle and

distance. We can use these features to express relationshi ps

such as “A is farther from B than B is from C. ”

2) A hierarchical structure can speed the rate of infor-

mation propagation. In a single-layer relaxation network ,

information propagates in linear time , i.e., the time taken for

a node to receive information from a node n links distant is

proportional to n. With a tree or pyramid structure , infor-

• mation can propagate in log n time .

3) A hierarchy can reduce the number of labels required .

We may find , for example , that many of the parts into which we

wish to segment an object have similar shapes. It would be

preferable to have a single label to apply to all of these

parts , rather than a separate label for each occurrence of the

part in the object. For example , given the three shapes below ,

L (line segment)

U (“U” shape )

C ( “ C ”  shape ) 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- ~~~~~~~~~ ~ - - ____________
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we could represent an airplane mode l as:

P LANE

V V NOSE LEFT WING RIGHT WING TAIL

in a hierarchy , rather than with a unique labe l for every

part at the lowest level:

2) right leading edge
~~~~~~~~~~~~~~ 3) right ti p tank

4) right trailing edge
9 3 5) right fuselage

8 4 6) tail
7 5 7)  l e f t  fuselage

8) lef t  t rai l ing ed ge
9)  lef t  tip tank

10) lef t  leading edge

Some previous work on the application of a hierarchical struc -

ture to ambiguous segmentation was done by L . Davis 1 8 )  for the

case of one-dimensional waveforms .

~~~~~~~~~~~~~~~~ -~~~~~~~~~~~~
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6 .  CQnc1~,iding remarks

Our experiments have verified the ability of re laxation

• 
- 

to significantly reduce the complexity of the segmentation

graph . The number of interp retations which must be searched

is typically reduced by one or two orders of magnitude . The

combination of ambiguous segmenta tion and a graph structure

representation of the shape allows our program to correctly

segment a wide class of ambiguous shapes , in a manner not pos-

sible with the use of template matching techniques . The program

thus demonstrates the important characteris-tic of using a more

general, abstract representation of an airplane shape than

that defined by a prototype. The basic methodology used can

be extended to more complex graph structures utilizing shape

completion, a variety of object part relations , and a hierar-

chical structure . These extensions provide promising avenues

f or future research.
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SEGMENT RANGE OF PROBABILITIES - -
NUMBER SEGMENT NOSE RWING TAIL LWING

11 1 0 — 2 2  —— .98 .02 — —
12 12—20 — —  1 — —  — —

13 12— 22 —— —— . 5 2  .48

14 12-24 -- -- --

15 1 2 2 5 —— —— —— 1
16 14—20 —— —— —— 1

17 14—22 —— —— —— 1

18 22— 0 —— 1 —— ——
19 22-2 -- .08 . h  . 32

20 24—0 —— 1 —— — —
21 2 4 — 2  — —  —— . 1t ~ .84

22 24—4 —— 1 —— ——

23 25—0 — — 1 — —  — —

24 25—2 —— —— .06 .94

25 25-4  -- 1 -- -
~~~

26 26-0  —- -- -- 1

ii
Table 1.1. Ambiguous segmentation of Figure 1.

Segments are between two peaks.
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ITERAT ION NUMBER OF NUMBER OF NUMBER OF NUMBER OF
NU MBER N~ Dt-~S LABELS 4-CYCLES INTERPRETATION S I 

-

0 28 4 3  118 222

1 10 15 12 20

2 9 12 8 16

3 8 10 6 10

Table 1.2. Reduction of ambiguity for the airp lane of —

Figure 1 in 3 iterations of relaxation .

SEGMENT
NUMBER RANGE LABEL

3 2— 4 NOSE

4 2-6 LWING
6 4—10 RWING

7 4—12 RWING 
• 

-

9 6—10 NOSE

11 10—22 RWING = .26 , TAIL = .74

13 12-22 TAIL
19 22—2 LWING = .5 , TAIL = .5

Table 1.3. The ambiguous  segmen tation of Fi gure 1 after
3 i t e ra t ions  of r e laxa t ion . This table is
analogous to Table 1.1.

CYCLE NOSE RWING TAIL LWING
NUMBER NODE NOD E NODE NOD E MER IT

1 3 6 11 19 3.8

2 3 7 13 19 31.9
3 9 11 19 4 2 3 . 5

Table 1 .4 .  The cycles surv iv ing  from Figure  1 a f t e r  3
itera tion s of relaxa tion. Th e nodes are segments
from Table 1.1 , and the me rit was computed by
using the origina l probabilities .
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SEGMENT RANGE OF P R O B A B I L I T I E S
NUMBER SEGMENT NOSE RWING TAIL LWING

1 3—8 .6 .12 —— .28
2 3 — 1 4  — —  — — —— 1

3 8— 14  .2  .8 — —  — —

4 14 — 23 — —  1 — —  — —

5 1 4 — 2 5  —— —— .6 .4
6 16 — 23 .16 .84 — —  — —

.02  .98 1

Table 2 .1  Ambiguous segmentation of Fi gure 2 .

ITERAT I ON NUMBER OF NUMBER OF NUMBE R OF NUMBER OF
NUMBER NODES LABELS 4-CYCLES INTERPRETATIONS

0 10 17 7 36

1 4 6 1 4

2 4 4 1

Table 2 . 2 .  Rela xation resul ts .

SEGMENT
NUMBER RANGE LAB EL

1 3-8 NOSE
3 8-14 RWING
5 14—25  TAIL

9 25-3 LWIN G

Table 2.3. Nodes survivinq third iteration .

CYCLE NOSE RWING TAIL LWING MERIT
NUMBER NODE NODE NODE NODE

1 1 3 5 9 2 5 9 . 2

Table 2 . 4 .  Allowable interpreta t ions  wi th  their  mer i t s .

~~~~ __________________________— 
~~~~ _L ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ ~~_ _ i _ -
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SEGMENT RANGE 01-’
NUMBER SEGMENT NOSE RWING TAIL 1.W1NG

1 0—8 .28 .72 — — ——
2 0 — 1 0  .~ . 2 4  —— .

3 2 — 6  . 3  . 7  —— ——
4 2 — 8  . t  . 2  —— .2

5 2 — 1 0  . 3 2  — —  — —  .
6 4— ~ .6  . 2 4  —— . U’

7 4 — 8  . 3 4  —— —— . ( 5 ( 5

8 4 — 1 3  —— I — — — —

9 6 — H  . 1 6  . 8 4  — —  ——

10 6 -15  -- -- --
11 (~— 1 7  —— —— ——
12 8 — 1 3  .6  . 3 2  ——
13 1 0 — 1 3  . 4 6  — —  —— . 54

14 1 3 — 1 9  —— 1 —— — —

15 1 3 — 2 1  —— . 2 2  .~ . 1 8

16  1 5 - 1 9  -- -- -- 1

17 H - 2 1  -- -— -- 1

18 ~7 — l 9  ~6 . 1 4  ——
19 1 7 — 4  — —  1 — —  ——
20 1 9 — 4  . 5~ —— —— . 4 4

2 1  2 1— 0  . 5 8  . 4 2  —— ——
2 2  2 1 — 2  .5 —— —— .~
23 11_ 4  .04  —— ——
24 2 1 — 6  —— 1 —— ——

Table 3 . 1  Amb i ~ uous s c q m e nt a t  i ’~’n of r i~~u i o

- ~ --- - --- - - —- -— ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ 
- - ~~~~~~~~~~~~~~~
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I T E R A T I O N  N U M B E R  N U M B E R  OF N U M B E R  OF NUMBER 01-’
NUMBER OF NODES LABELS 4-CYCLES I N T E R P R E T A T I 0 N ~

0 24 46 15~ 104

1 13 17 2 0 16
2 10 10 10 4
3 9 9 1( 4

Table 3.2 Relaxation results.

SEGMENT
N U M B E R  RANG E LABEL

1 2-6 NOSE

4 2 — 8  NOSE

6 4-6 NOSE

7 4 — 8  NOSE
9 6 — 1 3  E WING

12 8—13 EWING

15 13—21 TAIL

2 2  2 1 — 2  LWIN G

23 21— 4 LWING

Table 3.3. Nodes surviving third ito~ 5it ion .

CYCLE NOSE PWTNG TAIL LWIN G
NUMBER NODE NODE NODE NODE M L R I T

1 3 9 15 22 75.~
2 4 12 15 22  6 1 . 2
3 6 9 15 23  2 9 0 . 3

4 7 12 15 2 3  6 6 . 6

Table 3 . 4 .  Al lowable  i n t e r p r e t a t i o n s  w i t h  the i r  m e r i t s .
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